We consider a population of small, high-velocity cosmic string loops. We assume the typical length of these loops is determined by the gravitational radiation scale and use the results of [1] which pointed out their highly relativistic nature. A study of the gravitational wave emission from such a population is carried out. The large Lorentz boost involved causes the lowest harmonics of the loops to fall within the frequency band of the LIGO detector. Due to this feature the gravitational waves emitted by such loops can be detected in a periodic search rather than in burst or stochastic analysis.
Introduction
The existence of cosmic strings in our Universe is a possibility which has been recently rejuvenated by proposals from string theory [2, 3, 4, 5] . Such strings form a network which is expected to be in a scaling state with a few dozen long strings and numerous loops [6, 7, 8, 9, 10] . As discussed in [1] , there is evidence supporting the existence of two distinct populations of loops in a scaling cosmic string network 1 . One of the peaks in the distribution consists of large loops with a size just an order of magnitude below the horizon scale as shown in recent numerical simulations [12, 13] . These form occasionally by self-intersection along widely separated points on a string. In contrast, there is also a population of small loops at the gravitational radiation scale which, in an expanding universe, seems to be more numerous than the former. In [14] the production rate of these tiny loops was found to be divergent and so the proposal is that gravitational radiation acts as a UV cutoff. It is the small but non-trivial fractal dimension present in the short distance structure that feeds the small loop production. This process occurs mainly in cusp regions 2 which are therefore excised from the large loops. Due to their production mechanism, the tiny loops are generally expected to feature cusps and kinks, while moving with large Lorentz boosts.
Furthermore, it has been argued that one of the most promising ways to test the presence of a cosmic string network is through its gravitational wave (GW) emission [15, 16, 17, 18] . One can expect a GW background from the network [19, 20, 21] and the loops may form cusps which emit strong bursts of GW [22, 23] . The presence of a population of highly boosted loops leads to a peculiar GW signature and therefore deserves a specific study as these may be potential sources for present and planned gravitational wave detectors. Such an investigation is the purpose of this article.
All cosmic string loops are expected to have (pseudo-)periodic behavior, but one of the key features of small high-velocity loops is the fact that their observed period may be as short as a few mili-seconds. One may even expect that the first few harmonics of the loop enter the frequency band of the GW interferometers. Such a case is very promising since, on one hand, the lowest harmonics emit the strongest signal and furthermore it has little dependence on the exact loop trajectory: we can expect more robust wave-forms than those originated from the single cusp case (whose behavior under back-reaction or in the presence of small-scale structure has been questioned [24, 25, 26, 27, 28] ). On the other hand, if this frequency is short enough in order to enter the GW interferometer band, this allows to search for periodic GW signals accumulating a large number of loop periods. As a result the strain sensitivity will be improved by a huge factor corresponding to the square root of the ratio between the observation time and the lifetime of a single cusp. In addition, the fraction of the small loop population moving directly toward us sees its GW strength boosted. This leads to a signal-to-noise ratio allowing a direct detection by current detectors for a range of string tension 10 −10 < ∼ Gµ < ∼ 10 −8 which is not yet constrained by other experiments and has some promising connections with K KLM MT models [3] . 1 However, see [11] for a different view. 2 Recall that cusps arise when the left-and right-moving unit vectors p + (u) and p−(v) cross and that (if the reconnection probability is 1) a loop is formed whenever
However, the fact that a signal is potentially strong enough is not sufficient to guaranty observations; we need the sources to be numerous enough in order to get a reasonable probability for detection. Unfortunately, only a small fraction of the observable loops will be moving in a direction close enough to the line of sight to produce a detectable signal. Thus, we shall see that this probability is too small to expect detection on a regular basis or to efficiently set constraints on the string tension.
The remainder of this article is structured as follows. In Section 2 we discuss the properties of small loops and GW emission by them. In Section 3 we determine under which conditions it is possible to observe such loops in the different LIGO stages. Finally, we compute the loop density and the probability of detection in Section 4 and then draw some conclusions.
Properties of small loops
Small cosmic string loops move with relativistic center-of-mass velocities [1] and the large Lorentz factor has some consequences on the analysis of GW detection which were not previously considered in [16, 17, 18, 21, 29] .
When considering small scales compared to the Hubble time t one can make the approximation of a flat spacetime and thus represent the string embedding, z(t, σ), by two functions p ± = ∂ t z ± ∂ σ z [10] . Adopting the transverse gauge where ∂ t z · ∂ σ z = 0, the quantities p ± are then leftand right-moving unit vectors (which depend only on the combination u = t + σ and v = t − σ, respectively). To study the effect of the large boost on the GW we will consider a simple model loop, where the functions p ± are short straight arcs on the unit sphere:
These functions are extended to the whole (u, v)-plane by imposing periodicity equal to the length of the loop, 2β. The velocity of the cusp, V , and the period of the small loops, β, were determined in [1] as average values over the ensemble of small loops. For a matter-dominated era these quantities are given by
where t is the FRW time.
The embedding of the loop worldsheet in target space is given by
and is therefore aperiodic as a function of u or v separately: However, from the above equation it follows immediately that z µ is indeed periodic in σ, with periodicity 2β.
One can use equations (1) and (4) to obtain snapshots of the loop as it evolves in time. For a fixed time t * , considered to belong to the interval [0, β] for concreteness, the v coordinate may be written in terms of the u coordinate as v(u) = 2t * − u and then the string is parametrized just by
On the other hand, if u ∈ [β, 2t
Figure 1 shows several snapshots of the model loop (1). Strictly speaking, there is no selfintersection but at t = 0 (or equivalently when u + v = 0) the string actually folds back on itself. The discontinuities of p ± at odd multiples of β correspond to kinks on the loop traveling in opposite directions. When they meet the loop becomes degenerate and at the same time a cusp develops at the other end. However, adding a small (quadratic) perturbation generically renders it non-self-intersecting while the cusp is preserved. Thus, small cosmic loops are expected to be generally stable against fragmentation.
Small loops with sizes of order 2β have very large Lorentz factors. To show this, consider the impulsion of the loop, given by
and the center-of-mass velocity, which is obtained by averaging the spatial part of P µ (u, v) over the worldsheet coordinates,
Therefore the boost factor is given by
For Gµ = 10 −9 the Lorentz factor (10) is of order 10 3 . To see the importance of this consider the characteristic frequencies of these loops. In its rest frame the nth harmonic will have frequency f rest n = γβ −1 n, since β is its time periodicity in the FRW frame. Therefore, the observed frequency for a loop moving at an angle θ with respect to the line of sight is
In the special case of a loop whose motion is exactly aligned with the line of sight we see that the observed frequency is boosted by a factor proportional to γ 2 . This effect can bring the lowest harmonics into the LIGO frequency band for Gµ < ∼ 10 −9 , i.e. values of the string tension not yet ruled out by observations (see [30, 16, 31, 12] for various bounds), and so the potential for detection arises.
Emission of GW
We now compute the GW spectrum emitted by a loop. A cosmic string acts as a source term for the gravitational field through its energy-momentum tensor. For a classical string it is given by [10] 
with x = (t, x), while the quadri-vector z(u, v) gives the spacetime location of the world-sheet point with coordinates (u, v). Since the loop has 2β-periodicity we choose the world-sheet to be a strip
Furthermore, for a source of size ∼ d localized around the origin, the trace-reversed metric perturbation in the local wave zone (r ≡ |x| >> d ) is given, in the time domain, by [10, 32, 33] 
where n ≡ x/r. When analyzing high frequencies originated by cusps and kinks one must be careful with the fact that the dominant contributions to p µ ± in the series expansion is a pure gauge term, as was first noted in [23] . However, converting to transverse traceless (TT) gauge eliminates this term 3 . In any case, we will be interested in the lowest harmonics since these are the frequencies which contribute the most to the observation rate. Performing a temporal Fourier transform one obtainsh
Now, decomposing the integral over u into
using property (5) and defining θ as the angle subtended between n and the z-axis (along which the loop is traveling) we get
As a check, note that we have recovered the discrete set of frequencies obtained in (11) . The computation of I µν (u, v) involves the following integrals:
Before we move on to computing (16) one more consideration is in order. The interaction between a GW and a detector is usually described in the TT gauge and it is convenient to rotate the coordinate frame in order to match the observer description in which the GW arrives along the z-axis, so thatẑ new ≡ n. The rotation matrix that converts between the source frame and the observer frame is given by
Rewritingh µν in the TT gauge is performed by means of the projector Λ ij,kl defined by (see section 10.4.15 in [33] )
3 One can also eliminate the gauge term explicitly by replacing p where
and we can define the observed strength as
We note that the main dependency ofh in the direction of the observation comes from the f 1 (θ) factor in Eq. (16) which, for small values of θ, causes an enhancement by a factor (V β) −2 (∼ 10 7 for Gµ = 10 −9 ), as was discussed in Section 2. The remaining angular dependence arising from I µν (θ, φ), for the first harmonic, is shown in Figures 2 and 3 . One can observe that this gives some enhancement 4 for θ ∼ π/2. However, this corresponds to the range in the parameter θ where the large Lorentz boost enhancement is lost. Let us anticipate that in order to be able to detect the loop we need a big enhancement of the emitted GW (in other terms, we are able to 'see' only loops moving nearly in our direction). Therefore any sub-leading effect at large θ may be neglected and in the remaining of this paper we will discard this sub-leading dependence. This leads to the following form (omitting the higher harmonics) forh:
where the final factor of 0.5 shifts the value of the integral at θ = 0 to its actual minimal value (see Figure 3 ) in order to obtain a lower estimate for the strainh. 
Visibility
Having computed the GW spectrum, we now want to determine whether or not current or planed GW detectors can observe the small relativistic loops under consideration and, if so, for what range of the parameters. This will depend on the cosmology and therefore we must fix the z dependence of t and r. To this end, we consider a flat universe with the cosmological constant contribution included in the cosmology. We shall use the same relations (and notation) as the ones given in appendix B of [17] .
Any GW detector is characterized by its frequency window [f − ; f + ] as well as the minimal amplitude needed for a detection h det (f ). For LIGO's second science run (LIGO S2) the frequency window is [160; 728.8]Hz. Furthermore, the sensitivity to a continuous signal from a 10-hour search can be modeled by
where α ∼ 0.6 and h 160 ∼ 10 −22 , see [34] . LIGO is expected to be 10 times more sensitive and Advanced LIGO to bring another factor of 10 (see for example [35] ).
In order to detect a given loop there are 3 conditions which must be met: first, the frequency of the incoming GW produced by the loop has to lie within the detector window; second, its amplitude has to be above the limit h det (f ); finally, the observed lifetime of the loop, τ obs , must be large compared to the time span of the experiment, T obs , to insure that its periodicity does not change significantly during observation, in which case it would quickly drop out of the frequency window anyway.
Inspection of equation (11) shows that the frequency of the received GW depends on the angle . We plot cos(θ) as a function of the red-shift. The solid curves represent the frequency window, the dashed curve is the sensitivity bound and the dash-dotted curve corresponds to the lifetime constraint. Note that, for such a value of Gµ, we can observe loops up to z ≃ 9 when the direction of the motion of the loop lies on a cone of aperture ∼ 2 · 10 −4 rad ≃ 0.7 ′ around the line of sight.
θ subtended between the line of sight and the velocity of the loop. Thus, the strategy is to first fix Gµ and determine the range of angles under which observation is possible, for a given z. We shall give the different bounds in terms of the cosine of the corresponding angle. Then, for each value of Gµ, combination of the above constraints determines an observational window. An example with Gµ = 10 −9 is shown in Figure 4 . We point out that, if our assumptions are correct, one can potentially observe these loops if 10 −10 < ∼ Gµ < ∼ 7 · 10 −9 . Finally, the integration over the redshift can be performed to determine the expected number of detections. The capacity of observing such loops (or placing constraints on the string tension) will then depend on their number density in the universe, and this quantity will be worked out in Section 4. But before we do so, let us turn to the analysis of the several constraints mentioned above.
Constraint from the frequency window
In order to determine the observed frequency of a GW produced by a small loop we must correct equation (11) for the cosmological redshift, thus obtaining
The bounds f ± on the observed frequency lead to corresponding constraints on the angle θ which can be expressed as cos θ − ≤ cos θ ≤ cos θ + , with
Constraint from the sensitivity The amplitudeh of the GW wave produced by a small cosmic string loop was obtained in (23) . Taking into account the cosmology and converting to the time domain, the strain for the lowest harmonic takes the following form:
where ψ 0 is an (arbitrary) phase. The condition to be satisfied in order to be able to detect the GW is then h(t, θ) ≥ h det (f 1 | observed (θ)). Solving for the angle yields a lower bound, cos θ ≥ cos θ h , where
Constraint from the lifetime
Another feature that must be taken into account is that cosmic string loops shrink with time due to the loss of energy in the form of gravitational waves themselves. The power radiated is given byĖ = ΓGµ, with Γ ∼ 50 [36, 25, 10] . Thus, the lifetime of a loop of size 2β in the FRW frame is τ = (2β)(ΓGµ) −1 . Since the loops are moving with a relative velocity which makes an angle θ with the line of sight their observed lifetime, including the cosmological redshift, is
Given the extremely high velocities of the loops, one finds that for very small angles θ this apparent lifetime can be very short since it is suppressed by a factor of γ 2 . In that case, if we want to consider loops whose frequency does not change significantly during an observation time T obs we need to guaranty that τ obs ≥ T obs , which translates into the constraint cos θ ≤ cos θ L , where
This bound has the same form as the one coming from the frequency window (26) . The lifetime constraint can thus be recast as a constraint on the frequency window instead. Combining equation (26) and (30) we obtain an effective maximal frequency given by f eff
The lifetime constraint has the effect of introducing a Gµ-dependent maximal frequency. For the first harmonic (n = 1) and a time span of T obs = 10 hours in the settings of LIGO, this does not affect the original frequency window for Gµ ≤ 1.5 · 10 −9 . Beyond that, the maximal frequency is given by f L , which decreases as Gµ is increased, until it finally closes the frequency window for Gµ ≃ 6.9 · 10 −9 . If we want to observe or constrain higher values of Gµ we have to look at higher harmonics or make a shorter run. Both possibilities help relax the bound coming from the lifetime but on the other hand they also tighten the sensitivity constraint.
Loop number density and expected number of detections
We assume that the string network is in a scaling regime. The rate at which the long string is converted into small loops can be obtained from equation (4.24) of [14] . Inserting the numbers for a matter-dominated era, where the energy density in long strings is ρ ∞ ≃ 4µt −1 , one finds that
where Vol is the Hubble volume. We obtain the number density in small loops by multiplying the above equation by the lifetime and dividing by their length as well as the volume factor. Since the lifetime of the loop (29) introduces a dependency on the angle of observation θ, the apparent number density is given by
Now we can include the constraints from the Section 3. Only loops moving along certain directions and within certain distances emit GW which enter the frequency window with an amplitude high enough to be detected. The range of θ for which the detector can 'see' the loop is between cos θ max = max {−1, min {cos θ + , cos θ L }} and cos θ min = min {1, max {−1, cos θ − , cos θ h }}. Therefore, averaging over the sphere gives
Using the notation of [17] , where the cosmology is encoded in the function h(z) and the comoving variables are expressed as t = ϕt(z) H 0 and r = ϕr(z) H 0 , the number of observed loops is simply
where the comoving volume is given by
and H 0 represents the current value of the Hubble parameter. Therefore, we obtain the following expression for the expected number of observations:
As a result, we report in Figure 5 the expected number of detections for a run of 10 hours with the different versions of LIGO. We can understand heuristically some qualitative features of the curves. The rise of the curves for increasing Gµ comes mainly from the dependence of the GW strength on this parameter (see equation (23) ) which allows to observe a larger volume (equation (28) shows how the sensitivity constraint becomes less restraining with increasing Gµ), while the abrupt cutoff at large values of Gµ has its origin in the closing of the frequency window by the upper bound from the lifetime constraint. Another effect that contributes to this fall-off is the fact that the regions allowed by the frequency window and the sensitivity bound do not overlap anymore for high Gµ.
Note that reducing the observation time has 2 effects: the first one is to drop the GW strength relative to the detector sensitivity since h 160 is proportional to T −1/2 obs [34] . On the other hand, this allows the detection of short-lived loops at higher redshifts by relaxing the lifetime constraint and consequently we can scan larger values of Gµ. However, this leaves the expected number of observations far from being of order 1 or larger.
Note also that we have only taken into account the first harmonic. Adding higher harmonics has the effect of expanding the curves in Figure 5 to higher values of Gµ but this does not cause the curves to rise. For specific combinations of the parameters Gµ and z it is possible to observe more than one harmonic in the detector frequency window. This may provide (through a specific search for direction correlated signals) better sensitivity. However, this is certainly not enough to get an expected number of observations of order 1.
Concluding remarks
In conclusion, we have shown that the observation of boosted cosmic string loops is, in principle, possible for very interesting values of Gµ in the range 10 −10 − 10 −8 . However, the chances of such an observation during a 10 hour period are slim due to the low effective number density of such loops. Even though a large boost factor can bring the typical frequency of the GW produced into the LIGO frequency band, this will only occur if the loop in question is moving along a trajectory very close to the line of sight (θ < ∼ (V β) 2 ), which effectively cuts down the apparent number density of loops with these characteristics. An improvement can be obtained by increasing the duration of observation, thereby gaining in sensitivity of the detector. If one keeps increasing the observation time, the apparent lifetime of the loops will eventually be reached. We point out that, due to the production mechanism of the small loops (most of the loops that are produced around a large cusp move in coincident directions), we do not expect a Poisson distribution. As a result, while longer times of observation lead to higher probabilities of detection, the expected number N of loops observed should grow less than linearly with T obs .
We should stress that the possibility of observing GW from cosmic strings we have considered in this article concerns only the continuous emission of GW by the lower harmonics of the loops. This is in contrast with [16, 17, 22, 23] which focus on the burst of GW produced by the cusps and kinks. The results we have presented here depend both on the exact characteristics of the population of small loops (namely, their size) and also on the type of cosmic string network. We have assumed the distribution of loop size to be sharply peaked at the gravitational radiation scale but a decaying power law would reproduce a more realistic population. Also, cosmic superstrings can have reconnection probabilities as small as p ∼ 10 −3 [37] and the number density of loops is proportional to a negative power of p. Numerical studies [38, 39] suggest values between −1 and −0.6 for the exponent. This would lead to an enhancement of the probability of detection but not quite enough to obtain N ∼ 1. On the other hand, our conclusions are independent of the presence or absence of high frequency features on the loops, i.e. cusps and kinks.
Note also that the discrimination between a signal from a boosted loop and other periodic signals is not difficult since the former is expected to have a rising frequency and a decreasing amplitude. This is in contrast with both spinning stars, which are expected to spin down, and with mergers, which see their GW amplitude growing with time. However, a complete understanding of the waveform is not possible without a description of the higher harmonics and is beyond the scope of this paper.
Finally, we have restricted our analysis to the LIGO frequency band. For the lower frequencies of the LISA band the potential sources are loops with high Gµ at very large z. However, in order to get a sufficient signal-to-noise ratio we have to consider longer observation times and then the corresponding lifetime bound closes the observational window.
